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Abstract 

In the past years, many properties of the critical behavior of the largest connected components 
on the high-dimensional torus, such as their sizes and diameter, have been established. The order of 
magnitude of these quantities equals the one for percolation on the complete graph or Erdos-Renyi 
random graph, raising the question whether the scaling limits or the largest connected components, as 
identified by Aldous (1997), are also equal. 

In this paper, we investigate the cycle structure of the largest critical components for high- 
dimensional percolation on the torus {1, . . . , r}'^. While percolation clusters naturally have many short 
cycles, we show that the long cycles, i.e., cycles that pass through the boundary of the cube of width 
r/2 centered around each of their vertices, have length of order r'*/'^, as on the critical Erdos-Renyi 
random graph. On the Erdos-Renyi random graph, cycles play an essential role in the scaling limit of 
the large critical clusters, as identified by Addario-Berry, Broutin and Goldschmidt (2010). 

Our proofs crucially rely on extensions of results of Kozma and Nachmias (2011) about the one-arm 
exponent for critical high-dimensional percolation. We show that, at criticality, the length of an open 
path from the origin to (Euclidean) distance n, if it exists, is of order n^, which is the same as for 
critical branching random walk. 
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1 Introduction and results 

In the past years, the investigation of percolation on various high-dimensional tori has attracted tremen- 
dous attention. In [5, 6], the phase transition of the largest connected component was investigated for 
percolation on general high-dimensional tori, including the complete graph, the hyper-cube in high di- 
mensions, as well as finite-range percolation in sufficiently high dimensions. The phase transition of 
percolation on high-dimensional tori is mean-field, i.e., it shares many features with that on the complete 
graph as identified in [9] (see, e.g., [2, 4, 16, 17, 21]). 

In [5], the subcritical and critical behavior was investigated under the so-called triangle condition, 
a general assumption on the underlying graph that ensures that the model is mean-field. The critical 
behavior of the model was identified in terms of the blow-up of the expected cluster size, which identifies 
a window of critical values of the edge occupation probabilities. For any parameter value in this critical 
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window, the largest connected component was shown to be of order y^/^, as on the complete graph, where 
V denotes the number of vertices in the graph. In [6], the triangle condition was proved to hold for the 
above-mentioned examples. 

The situation of finite-range high-dimensional tori, which in the graph sense converge to the hyper- 
cubic lattice, was brought substantially further in [14, 15], where, among others, it was shown that the 
percolation critical value on the infinite lattice lies inside the scaling window. We now know that the 
largest connected components are all of order V'^^'^, that the maximal connected component |Cmax 

I satisfies 

that ICmaxI^"^/^ and V^/y\C 

niaxl are tight sequences of random variables that are non-concentrated, and 
that the diameter of large clusters is of order V^^^. These results (and more) are also known to hold 
on the Erdos-Renyi random graph, see e.g., [2, 22], as well as the monographs [4, 17]. This raises the 
question whether the scaling limits agree. 

1.1 Percolation in high dimensions 

We consider bond percolation on a graph G. For a given parameter p € [0,1], this is the probability 
measure Fp on subgraphs of G defined as follows. We delete edges of G with probability (1 — p) and 
otherwise keep them, independently for different edges. The edges of the resulting random subgraph 
of G are called open and the deleted edges are called closed. Connected components of this random 
subgraph are called open clusters. The graphs we investigate in this paper are (a) the d-dimensional 
torus = {0, . . . , r — 1}*^; and (b) the hypercubic lattice Z*^, where the dimension d is supposed to be 
sufficiently large. How large we need to take d depends on the edge structure of G. We consider two 
different settings: (a) In the nearest-neighbor model, two vertices are connected by an edge if they are 
nearest-neighbors on G. With our choice of G, every vertex has 2d nearest-neighbors. In this setting we 
take the dimension d large enough, (b) In the spread-out model with a parameter L, two vertices are 
connected by an edge if there is a hypercube of size L in G that contains these vertices. With our choice 
of G, every vertex has (2L -|- 1)'^ — 1 neighbors. Of course, we are only interested in the case when the size 
of the torus is much larger than L. In the spread-out setting with large enough L, we take the dimension 
d>6. 

To justify our choice of dimension, we recall a number of well-known results about percolation on Z*^. 
For bond percolation on Z"' with d > 1, there exists a critical probability Pc € (0, 1) such that, for p < pc, 
all open clusters are almost surely finite and, for p > pc, there is almost surely an infinite open cluster. 
At p = Pc, it is widely believed that there is almost surely no infinite open cluster. This fact has been 
shown for d = 2 by Kesten [18] and for sufficiently large d by Barsky and Aizenman [3] and Hara and 
Slade [13]. Here, by sufficiently large d, we mean d > 18 for the nearest-neighbor model and d > 6 for 
the spread-out model with sufficiently large L. Showing this for all d > 1 still remains a challenging open 
problem. 

The main assumption that we use in the paper concerns an estimate on the probability that, at 
criticality, two vertices x and y are in the same open cluster of bond percolation on Z*^, which we denote 
by X -f-)- y. We assume that there exist constants Di and D2 such that, for all x and y in Z"', 

Di{l + \x- y\f''^ < Fp^{x o y) < D2{1 + \x - y\f-'^. (1.1) 

These bounds have been established using so-called lace expansion techniques, for the nearest-neighbor 
model with large enough d by Hara [11], and for the spread-out model with d > 6 by Hara, van der 
Hofstad and Slade [12]. In fact, these papers give asymptotic formulas for such probabilities, but for our 
purposes, the bounds (1.1) suffice. 

It is believed that the estimates (1.1) hold for the nearest-neighbor model with d > 6, however the 
proof of this fact is beyond the current methods. It has been proved by Chayes and Chayes [8] (assuming 
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the existence of critical exponents) that the bounds (1.1) are violated for d < 6. The dimension d = dc = 6 
is usually referred to as the upper critical dimension. 

A simple computation using the upper bound in (1.1) shows that 

V(pe) = 5^IP'pe(0 ^ x)Fp^ix o y)FpSy o 0) < oo. (1.2) 

x,y 

The bound in (1.2) is called the triangle condition, and is believed to be true for d > 6. The triangle 
condition implies that the sub- and critical phases of percolation on Z"^ behave similarly to the ones 
on a tree, for example, many critical exponents on Z*^ are equal to those on the tree. Intuitively, the 
geometry of large critical clusters trivializes, since the space is so vast that far away clusters are close 
to being independent. In recent years, a related condition has been proved to hold on the torus, which 
implies that the critical behavior of large connected components on the high-dimensional torus is similar 
to that on the complete graph. Sometimes this is called random graph asymptotics for percolation on the 
high-dimensional torus. 

In this paper, we study the cycle structure of bond percolation on the d-dimensional torus in the above 
two settings. Despite the fact that, for any p G (0, 1), the number of vertices in open cycles is dense in the 
torus, which is not the case for the critical and subcritical Erdos-Renyi random graph (see [21]), most of 
such vertices belong only to short cycles, such as open squares of four bonds. Short cycles vanish in the 
scaling limit of large critical clusters, and are thus irrelevant to the scaling limit. Therefore, we focus on 
the existence of open long cycles, where we say that a cycle is long when it passes through the boundary of 
the cube of width r/2 centered around each of its vertices. Special cases of long cycles are non-contractible 
cycles, which are cycles that cannot, when considered as continuous curves, be contracted to a point, and 
thus wind around the torus at least once. 

Our main results show that the mean number of vertices in open long cycles grows like V^^^, and that 
such cycles (when they exist) contain the order of V^^^ vertices. Moreover, we show that the probability of 
the existence of at least one open long cycle in a large cluster is bounded away from and 1, uniformly in 
the volume of the graph. As we discuss in more details below, this situation is analogous to the situation 
on the complete graph, as investigated in [1, 2, 21]. We also refer the reader to [21, pages 722-723] for the 
discussion of more refined results about the structure of connected components of the critical Erdos-Renyi 
random graph. 

For simplicity of presentation, we restrict ourselves hereafter to the nearest-neighbor model. The results 
of this paper still hold for the spread-out model on the d-dimensional torus with d > 6. 

The remainder of this section is organized as follows. In Section 1.2, we describe our main results, 
in Section 1.3 we describe some results on critical percolation on Z"^ and the torus that are used in the 
proofs of our main results and are interesting in their own right, and in Section 1.4, we discuss the results 
and their relation to the work on the Erdos-Renyi random graph. 

1.2 Main results 

We start by introducing some notation. For a E M, we write \a\ for the absolute value of a, and, 
for a site x = {xi, . . . ,Xd) € Z'^, we write \x\ for max(|a;i|, . . . , |a;rf|). For n > and x G Z'^, let 
Qn{x) = {y G Z'^: |y — a:;| <n} and dQn{x) = {y G Z'^: \y — x\ = n}. We write Qn for Q„(0) and dQn for 
5g„(0). 

For a positive integer r, we consider the torus = ({0, . . . , r — 1}*^, E^) with the origin = (0, . . . , 0) 
and the edge set EJ? = G Z*^ x Z*^: |x — ?/| = l(mod r)}. We denote the number of vertices in 

the torus or volume by = r'^. For p G [0, 1], we consider the probability space (r^T^p, J^^^p, Pt,p), where 
^T,p = {0,1}'^^, Ff^p is the a-field generated by the finite-dimensional cylinders of rij^p, and P^-^p is a 
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product measure on (fi^.p, -^T,p), ^T,p = neeE<* f^e, where He is given by ^e{^e = 1) = 1 — /ie('^e = 0) = p, 
for vectors (we)egE^ ^ ^i,p- We write Et,p for the expectation with respect to ff^p. 

We further consider the hypercubic lattice (Z'^,E'^), where the edge set is given by E"^ = {{x,y} £ 



y\ = l}. We often abuse notation and write Z'^ for (Z'^,E'^). For p G [0, 1], we consider 
a probabihty space {^}z,p,J^z,p,^z,p), where fig^p = {0,1}'^'', J"z^p is the a-field generated by the finite- 
dimensional cylinders of i^z,p, and Pz,p is the product measure on (Jlz,p, -7^z,p), lPz,p = HeeE'* where //e 
is given by ^e{^e = 1) = 1 — /ie(we = 0) = p, for vectors (we)eeE'* ^ ^z,p- In both settings, we say that an 
edge e is open or occupied if We = 1, and e is closed or vacant if a;e = 0. 

The event that two sets of sites /Ci,/C2 C are connected by an open path is denoted by {/Ci -f-)- 
/C2 in T^}. We write Cf{x) for the set of y E such that x -H- y in T^. Similarly, the event that two 
sets of sites /Ci,/C2 C If^ are connected by an open path is denoted by {/Ci /C2 in Z'^}, and the event 
that two sets of sites /Ci, /C2 C are connected by an open path in Q„ is denoted by {/Ci o /C2 in Qn}- 
The event that two sets of sites /Ci,/C2 C Z'^ are connected by an open path of length at most k is 

denoted by {/Ci IC2 in Z'^}. We write Cz(x) for the set of y G Z'^ such that x o y in Z"'. Finally, 
for X, y G TJ?, we write Ti^p{x,y) = IPt,p(x -h- y inTJ?), and Tj^p{x) = rT,p(0, x), while, for x,y E Z"^, 
rz,p(x, y) = Pz,p(x O y in Z'^) and rz,p(x) = rz,p(0, x). 

For two nearest-neighbor vertices x and y in TJ?, we let ex,y be the unit vector (y — x) mod(r). Let 
be the i*'' unit vector. We write (e, /) for the scalar product of vectors e and /. For a nearest-neighbor 
path TT = (x(l), . . . , x(m)) in T^, we define its absolute winding as 



w(tt) = max 
i=i....,d 



m— 1 



(ex(fc),x(A;+l)) Cj) 



fc=l 



For a nearest-neighbor path vr = (x(l), . . . , x(m)) in Tf, we define the subpath 7r„ by 7r„ = 
(x(l), . . . , x(n)). We define the maximal displacement of vr as 

(5(7r) = max tt;(7r„). (1-3) 

n=l,...,m 

This is an important notion for Proposition 2.1, which is in the heart of our proofs. We call vr = 
(x(l), . . . , x(m)) a cycle if x(l) = x(m) and x{i) 7^ x(j) for all other i 7^ j, i.e., vr is a self-avoiding 
polygon. We say that a cycle vr is non-contractible if ^(vr) 7^ 0. (Note that w{7t) = O(mod r).) We 
further say that a cycle vr = (x(l), . . . , x(m)) is long if (5(7r'"') > r/2 for every n = l,...,m, where 
^(u) _ (a;(n), . . . , x(m), x(l), . . . , x(n)) is the cycle vr starting and ending at x(n). Non-contractible cycles 
are examples of long cycles, but not every long cycle is non-contractible. Note further that if vr is long 
then the reverse of vr is also long. 

For two functions g and h from a set X to M, we write g{z) x h(z) to indicate that g{z)/h{z) is 
bounded away from and 00, uniformly in z £ X. Throughout this paper we write log for log2. All the 
constants {Ci) in the proofs are strictly positive and finite and depend only on the dimension, unless the 
dependence on other parameters is explicitly stated. Their exact values may be different from section to 
section. 

We first give bounds on the probability that a vertex of the torus is in an open long cycle. 

Theorem 1.1 (Expected number of vertices in long cycles). Assume (l-l)- Letpc be the critical threshold 
for bond percolation on TH^ . For x G Tf, 

Pt,Pc(^ is in an open long cycle) x V^"^^'^. (1-4) 

Consequently, 

Et,p^[#{x: X is in an open long cycle}] x V^^^. (1-5) 
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In the next theorem we show that, with high probabiUty, large open clusters of the torus may only 
contain long cycles of length of order V^^^. Here, the length of a cycle is the number of edges it contains. 

Theorem 1.2 (Cycles have length of order V^^^). Assume (l-l)- 

(a) There exists 5 = (5(e) such that 5 J, as e J, and 

lim sup lim sup Pt.pc (^x: |CTr(x)| > dV"^^^, Cf{x) contains a long cycle of length < £V^^^\ = 0. (1.6) 

£4-0 V-5-00 ' ^ ^ 

(b) There exists a constant C > such that for all e > 0, and r > 1, 

Pt,pc (3 a long cycle of length > e'^V^^^^ < Ce. (1.7) 

Theorem 1.2(b) follows rather directly from Theorem 1.1. We prove Theorem 1.2(a) and Theorem 
1.1 at the same time. The proof of Theorem 1.2(a) consists of two main steps. We first rule out the 
possibility of the existence of long cycles with displacement shorter than V^^^. In words, these are the 
cycles that do not wind around the torus too often. After that, we show that long cycles with few edges 
cannot have large displacement. 

We next study the number of long cycles. We start by defining what this is. For a subgraph G of the 
torus, we define Yq as the smallest k for which there exist edges ei, . . . , in G such that G \ {ei, . . . , e^} 
does not contain any long cycles. For (5 > 0, we define 

Ys = Y,ycH\C\>6V^/'), 

where the sum is over all open clusters of the torus. We prove the following theorem: 

Theorem 1.3 (A bound on the number of long cycles in large clusters). Assume (l-l)- There exists a 
finite constant G such that for all r and 5 > 0, 

^t,pAY5]<C/6. 

In particular, the random variables Ys are tight. 

Theorem 1.4 (Non-trivial existence of long cycles). Assume (1-1)- 

(a) There exists c > such that for all r >1, 

Pt^p^ ^3 a long cycle of length > cV^^^^ > c. 

(b) For any 5 > there exists c > such that for all r > 1, 

P,,p,(n = 0) >c. 

In other words, with positive probability uniformly in r, there are no long cycles in clusters of size > dV"^^^ - 



1.3 Related results on critical percolation 

In this section, we state a few results that are interesting in their own right, for the ease of future reference. 
We start with a result that shows that short arms are unlikely: 

Theorem 1.5 (Short arms are unlikely). Assume (1-1)- There exist constants G,a such that, for all 
e>0, 



limsupPz,p, ( ^ 9g„ I o dQn) < Ce-'^/v^. (1.^ 



5 



Theorem 1.6 (Connections inside balls). Assume (l-l)- There exists C < oo such that 
(a) for all n > 1, 

IPz,p,(Oox inQn) < C, 

X^dQn 

(h) for all e > 0, 

limsup V IPz,p,(0 X inQn)< C^e. (1.9) 

rn-oo „ 

Theorem 1.7 (Torus two-point function). There exists a finite constant C such that for all x G T^, 

Tt,pM < T^,pSx) + (1.10) 

and 

sup ItTjPc {0 -H- x by a path with displacement > r/6) < CV (l-H) 



1.4 Discussion 

In this section, we compare our results to those for the Erdos-Renyi random graph (ERRG), as proved, for 
example, by Aldous in [2], and formulate some open problems. We refer to [2] for the extensive literature 
on the cycle structure of the ERRG. The ERRG is obtained by removing each edge of the complete graph 
Kn independently with probability p. On the ERRG, within the critical window p = {1 + Xn~^^^)/n, the 
number of cycles of large clusters is a random variable whose distribution can be explicitly characterized 
in terms of a Poisson random variable with a random parameter. This random parameter can be described 
as the area of the cluster exploration process. Since this parameter is a.s. bounded, in particular, each 
large cluster has an a.s. bounded number of cycles, and the probability that the z*^ largest cluster does 
not contain any cycle is strictly positive. Since there is just a finite number of clusters of size at least 
(^n^/'^ this immediately implies that the probability that there are no connected components of size at 
least 6n?^^ containing cycles is strictly positive. Further, all cycles have macroscopic length. Indeed, the 
largest connected components in the ERRG have diameter of the order n^/^, and the length of cycles 
(when they exist) is also of the same order of magnitude. Cycles play a crucial role in describing the 
scaling limit of the largest critical clusters on the ERRG, as identified in [1]. Indeed, clusters locally look 
like trees, with cycles creating shortcuts between the different branches of the tree. Since cycles have 
a macroscopic length, these shortcuts are also macroscopic and thus the scaling limit of large critical 
clusters on the ERRG within the critical window is not a tree. 

In this paper, we have proved similar properties for critical percolation on the high-dimensional torus, 
in order to provide yet another argument why the scaling limit of critical percolation on high-dimensional 
tori should be related to that for the critical ERRG. 

We complete this section by formulating a few interesting extensions to our work. The first extension 
deals with the values of p within the so-called scaling window. The results in [14, 15], in conjunction 
with those in [5, 6], show that when p = pc(l + e), where y^/^|e| remains uniformly bounded, the largest 
clusters obey similar scaling as for p = pc- It would be of interest to extend our work to the full scaling 
window. The main difficulty therein lies in the extension of Theorems 1.5-1.6 to the relevant values of n 
and p. The second extension is to more general high-dimensional tori, for example, the n-cube as studied 
in [7]. Due to the simpler nature of the graph, it might be possible to prove stronger versions of our 
results. For example, is it possible to prove that the probability that there are no long cycles is strictly 
bounded away from and 1? 
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Organization of this paper. This paper is organized as follows. In Section 2, we collect some pre- 
liminary results that we use in the proof. In Section 3, we prove Theorem 1.1. In Section 4, we prove 
Theorem 1.2. In Section 5, we prove Theorems 1.3 and 1.4. In Section 6, we prove Theorems 1.5 and 1.6, 
and in Section 7 we prove Theorem 1.7. 

2 Preliminary results 

In this section we collect some results that we use in the proofs. 
2.1 Coupling clusters on the torus and the lattice 

We say that two vertices x and y in Z"' are r-equivalent and write x ~ y, if y = x + rz for some z G Z'^. 
We say that two edges ei = {xi,yi} and 62 = {x2,y2} in E'^ are r-equivalent (ei ~ 62) if xi ~ X2 and 
2/1 ~ 2/2, or if xi ~ 2/2 and yi ~ X2. 

Let A„(x) be the event that the origin is connected to x in Tf by an open path vr with ^(vr) < n. 
We denote by CT(0;n) the set of all x G such that A„(x) occurs. We also denote by Cz(0;n) the set 
of all X G Z'^ such that o x in Q„. Let LC„ be the event that the origin is in an open long cycle 
vr = (x(l) = 0, . . . , x(m)) with 6{t:) < n. 

In the proof of Theorem 1.1, we need an extension of [14, Proposition 2.1]: 

Proposition 2.1 (Coupling of clusters on torus and lattice). Consider bond percolation on Z"^ and on 
Tf with parameter p G [0, 1]. There exists a probability law Pz,t,p on the joint space of percolation on 
and such that, for all n and for all events E, 

IPz,T,p(CT(0;n) £E)= Fj,p{Cj{0;n) G E), Pz,t,p(Cz(0; n) e E) = F^,p{C^{0;n) G E), 

and F^^T-^p-almost surely, for all x G T^, 

A„(x) C IJ {O^y in Qn}. 

Moreover, F^^j^p-almost surely, (a) if CT{0;n) 7^ C-r{0]n — 1) then o dQn in Z*^, and (b) if there exist 
X, y G Ct(0; n) \ Ct(0; n — 1) (not necessarily distinct) such that the origin is connected to x and y in 
by two disjoint open paths, then the origin is connected to dQn in Z*^ by two disjoint open paths. 
Finally, for x ~ y, and Fj^^i^p-almost surely, the event 

{0 o y in Qn} \ A„(x) 

implies that there exist distinct r-equivalent vertices vi and V2 in Qn and a vertex z G Qn such that the 
following disjoint connections take place in Qn: 

{0 z} o {z -H- vi} o {z -H- V2} o {vi ^ y}. 

Proof. We prove the proposition by defining an exploration of Ct(0; n) and Cz(0; n) simultaneously for all 
n from a percolation configuration on 'Z'^. At each step k of the exploration, we will keep track of the 
following sets of edges: the active edges A{k), the occupied edges 0{k), the vacant edges V{k), the ghost 
edges G{k), and the explored edges E{k) = 0{k) U V{k) U G{k). 

We number the edges of Z*^ in such a way that, for any two edges ei = {x, x'} and 62 = {y, y'} in Z*^, 
d has a smaller number than 62 if (a) max(|x|, |x'|) < max(|y|, |y'|) or (b) max(|x|, |x'|) = max(|y|, |y'|) 
and min(|x|, |x'|) < min(|y|, |y'|). Thus, edges with small numbers are close to the origin. 
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We initiate the exploration by taking A{0) to be the set of all edges that are neighbors of the origin, 
and E{0) = 0. Assume that A{k), 0{k), V{k) and G{k) are defined. If A{k) = 0, then we stop the 
exploration. Otherwise, we take the edge e G A{k) with the smallest number. We define G{k + 1) = 
G{k) U {/ : / 7^ e, / ~ e}. To make the other updates, we consider two cases: (a) if e is open, we define 
0{k + 1) = 0{k) U {e}, V{k + 1) = V{k), and A{k + 1) = A{k) U{f : f e}\E{k + l), where e ~ / means 
that e and / share an end-vertex; (b) if e is closed, we define 0{k + 1) = 0{k), V{k + 1) = V{k) U {e}, 
and A{k + 1) = A{k) \ E{k + 1). 

The exploration eventually stops at some step T + 1, which is the first step T such that A{T + 1) = 0. 
Note that T is at most the number of edges in T^, i.e., T < dV . We call the above procedure the 
T -exploration. As a result of the T-exploration, we obtain an embedding 0{T) of the edge set of Ct(0) 
into TJ^. However, because of the particular choice of the numbering of the edges of Z'^ used for the 
exploration, which is such that if ei < 62, then ei is closer to the origin that 62, we can say much more 
about the structure of the embedding. Indeed, let + 1 be the first time an edge from is explored. 
Then 0(r„) is an embedding of the edge set of Cj{{);n) into Q„. 

The exploration of Cz(0) is similar to the T-exploration, with the only difference that G{k) is taken 
to be the empty set for all k. This exploration may terminate at some finite time, in which case Cz(0) is 
finite, or continue forever, which corresponds to the case of infinite Cz(0). 

Most of the properties of the coupling (defined in the statement of the proposition) are immediate 
from the construction. 

To see that the last property holds, we assume that the event -H- y in holds for some x ~ y, 
while An(x) does not hold. We fix an open path tt from to y in Qn- Since An(x) does not occur, 
there exists an edge e on this path, such that e E G{Tn). Let e be the last edge on vr from G{Tn)- By 
construction, there exists an edge / G V{Tn) C Qn such that / / 6, / ~ 6, and the origin is connected 
to one of the end vertices of / by an open path inside 0(T„). We denote this vertex by f2, and let vi be 
the end- vertex of e which is r-equivalent to V2. Note that none of the edges in the part of vr from e to 
y is in 0{Tn). Indeed, let {gi, . . . , y^} C Qn be the edges in the part of vr from e to y, and assume that 
Qi € 0{Tn) for some i G {1, . . . , s}. Since all the y^'s are open on Z'^, are in Qn, and, by the definition 
of 6, none of them is a ghost edge, we conclude that the edges y^, j > i are also in 0{Tn). This is 
in contradiction to the assumption that A„(x) does not occur. Therefore, we conclude that the event 
{0 -f-)- f 1, f2 in Qn} o {vi o y in Qn} occurs. We finish the proof by observing that if is connected to vi 
and V2 by open paths in Q„, then there exists z G Qn such that the following disjoint open paths exist in 

Qn- {0 f-^ z} o {z Vl} o {z ■h^ V2}. □ 

The following corollary is used in the proof of Theorem 1.1: 

Corollary 2.1. There exists a probability law on the joint space of percolation on and such that 
if the origin is in an open long cycle vr = (a;(l) = 0, . . . ,x(m)) in and the event LCsn does not occur, 
then there exist two disjoint open paths from the origin to dQn in TJ^ . 

Proof. We use the coupling from Proposition 2.1. We define the reverse of a path vf = (x(l), . . . ,x{m)) 
as Tt~^ = (x(m), . . . ,x(l)). Note that for any path vf, 

6{tt-^) < 25(vf). 

Indeed, consider the path vf as the concatenation of two paths vfi = (x(l), . . . , x(A;)) and vf2 = 
{x{k), . . . ,x{m)) such that 5{tt~^) = (5(7f^"^) = w{Tt2). It follows from the triangle inequality that 
w{t^2) < tL'(vf) + w{Tti). Moreover, by the definition of the maximal displacement of vf, we have the 
bounds w{Tt) < (5(vf) and Ti;(vfi) < 5(vf). 

Let vr be an open long cycle starting at the origin. If LCsn does not occur, then 6{tt) > 3n. Moreover, 
there exists x = x{k) G vr such that for any pair of disjoint open paths vri and vr2 from to x and from x 
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to 0, respectively, which form a long cycle, their displacements satisfy 5(111) > n and 6{tt2) > 2n. Indeed, 
one can take x on the boundary of Cj{0;n). (Mind that 5{tti) + 5{it2) > S{tt).) Since 6(712) > 2n, by the 
above property of the displacement of the reverse path, we have (5(7r^^) > 5{tt2)/'2 > n. The result now 
follows from Proposition 2.1(b). □ 

From now on, we only consider the probability measure Pz,t,p defined in Proposition 2.1 and 

in the remainder of the paper, we write Pp for Pz . 

In particular, ^p{E) = Pz,p(^) for E G J"z,p, and Pp(£;) = Pt,p(-E) for E G JS-,p (see Section 2.1 for 
notation), and we always assume without mentioning the coupling from Proposition 2.1 when we consider 
events from F^^p and J-"t,p simultaneously. 

2.2 Previous results 

In the next theorem, we summarize a number of results on high-dimensional percolation on Z'^ that we 
will often use in the proofs in this paper. 

Theorem 2.1 (Critical behavior of high-dimensional percolation). Assume (l-l)- Then, there exist c > 
and C < 00 such that for all positive integers n, 

(i) 

cn~'^ < Pp. (0 o dQn in Z'^) < Cn''^, (2.1) 



(n) 

xGQ„ 



and for any given z G Z'^ and a positive integer r with r < n. 



^< E r.,p,(x)<^. (2.3) 

x£Qn,xr^z,\x\>r/4: 



J2 r^,pMx)r^,Pcix,y)T^,pSy,z)<C\zf-''. (2.4) 



(Hi) For any z G Z*^, 



Proof. The first statement is [19, Theorem 1]. Statements (ii) and (iii) easily follow from (1.1). □ 

The next theorem gives an upper bound on Et,p^|C(0)|, which is used often in the proofs: 

Theorem 2.2 (Expected critical cluster size on torus). There exists a finite constant C such that for all 
r>l, 

Er,pJC{0)\<CV^/\ (2.5) 

Proof. The statement follows from [14, (1.6)] and [6, Theorem 1.6(iii)]. Alternatively, it follows from 
(1.10) and (2.2), where we note that the proof of (1.10) in Section 7 only relies on (2.1) and Proposition 
2.1. □ 
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3 Proof of Theorem 1.1 



In this section, we prove Theorem 1.1. We give the proof of the upper bound in Proposition 3.1 and the 
proof of the lower bound in Proposition 3.2. The results of these propositions are more general than the 
result of Theorem 1.1, and also give bounds on the probability that the origin is in a long cycle with 
small displacement. In particular, the upper bound on the probability of such an event will be used in 
the proof of Theorem 1.2 to show that large open clusters do not contain long cycles with few edges. 
Recall the definitions of An{x) and LC„ from Section 2.1. We prove the following bounds: 

Proposition 3.1 (Upper bound on long cycles). Assume (l-l)- There exists a constant C such that 

Pp^(0 is in an open long cycle) < CV~'^^^, 

and 

IPp,(LC„) < Cn^V. 

Proof. Let A be the event that the origin in an open long cycle and the event LCgyi/e does not occur. 
We split 

Pp,(0 is in an open long cycle) = Pp,(A) + Pp^(LC3V'i/6). (3.1) 

We first estimate the probability of A. By Corollary 2.1, the event A implies the existence of two disjoint 
paths from to dQyi/a in Z'^. This observation and the BK inequality (see, e.g., [10, Theorem 2.12]) 
imply 

Ppe(^) < IPpc (O ^ dQyi/, in Z'^y < 

where the last inequality follows from (2.1). 

We now bound the probability of the event LCgyi/e. The event LCg^i/e implies that there exists a 
vertex x G i9(5[r/2j such that (a) there are two disjoint paths vri and 7r2 from to x in Tj?, (b) the path 
vTi is contained inside Q[r/2\i a-iid (c) 6{tt2) < 3V^^^. We use the BK inequality to bound the probability 
of the event LCg^i/e by 

Y (0 O X in QLr/2j ) Ppc (Agyi/e (x)) . 

x&dQir/2i 

It follows from Proposition 2.1 that if A3yi/6(x) occurs, then there exists y £ with y ~ x and \y\ < V^l^ 
such that -f-)- 2/ in Qsyi/e- By (2.3) and the fact that \y\ > r/2, 

FpAA,yMx))< IPp.(0oyinZ'^)<C2F^2/^ (3.2) 

where the constant C2 does not depend on x or r. Finally, Theorem 1.6(a) implies 

Y (0 o X in QLr/2j) < C3. (3.3) 

Therefore, we arrive at 

Pp,(LC3^,i/6) <C4F-2/3. 

This completes the proof of the first statement of Proposition 3.1. The proof of the second statement 
is similar to the proof of the bound for Pp^(LC3yi/6), now for n instead of 3^^/^. In particular, (3.2) is 
replaced by 

Pp. (An(x)) < Y lPpc(0 ^ y in Z'^) < C^n^/V. 
We omit further details. □ 
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Proposition 3.2 (Lower-bound on long cycles). Assume (1-1) ■ There exist positive constants eq and c 
such that 

Pp^(0 is in an open long cycle) > cV~'^^^, 
and, for any n € [eQ^r,eoV^/^], 

IPp,(LC„) > cn^/V. 

Proof. The first statement immediately follows from the second one for n = eoV^/^. We now prove the 
second statement. Let i^T be a large positive integer. Let £ and a be small positive numbers. The precise 
choice of these numbers will be made later in the proof. Let n be an integer in [a~^r, eV^/^]. 

First of all, note that it suffices to prove the result for r > 4:K. Indeed, once we fix K, the result 
for r € [l,4iir] will follow by adjusting the constant c. Therefore, throughout the proof we assume that 
r > 4:K. The proof consists of several steps. 

Step 1. For any x G Z'^, let u = u{x) be the vertex in with coordinates (xi, . . . ,X(i_i,Xrf + K). In 
particular, u{x) G dQxix). For x G 7/, consider the event 

Ax = Axin, K) = {0 ^ u{x) in Qn}- 

Let 

N{A) = {x G Z'^: x ~ 0, x / 0, A^ occurs} 

We use the second moment method to show that 

FpSNiA)^0)>cn''/V, 

for some constant c which does not depend on r, n, e or K. 
We first show that 

Ep^N{A) > Cen^/V. (3.4) 

We take a G (0, 1/2) and write 

IEp,iV(^) > Yl lPp,(0^u(x) inQ„) 

X&Qan\{0},X^O 

IPpc(0^^x(x))- Yl FpA{0^u{x)}\{0^u{x)mQn}). 

^•eQan\{o},x~o xeQcn\{0},^~0 

Since r < an and r > AK, the first sum is bounded from below by Cj{an)'^ /V by (1.1) and (2.2). We use 
the BK inequality. Theorem 1.6(a), (2.3), (1.1) and the assumption r > 4:K, to bound the second sum 
from above by 



Y Y ^Pc[{0 ^ y Qn} o {y ^ u{x)}j (3.5) 

x£Qc,„\{0},x^0y^9Qr, 

^ E E IF'pe(0^ymQ„)Pp.(yon(x))<C8(aV)/y. 

The desired lower bound on Kp^N{A) follows by taking a small enough. From this moment on, a remains 
unchanged. 

Next, we bound the second moment of N{A). Let be the sum over all distinct x, y G Qn such that 
X, y / and x, y ~ 0. We obtain 

IEp,iV(A)2 < Ep^N{A) + Y^Fp^ (0 ^ n(x) in Q„,0 o u{y) in Q„) . 
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Note that if o u{x) in Qn and -H- u{y) in Qn, then there exists z G Qn such that the following open 
paths occur disjointly: o z, z -f-T- u{x) and z -f-)- u{y). Therefore, the BK inequality implies 

By translation invariance and the fact that u[x) — z = u{x — z), the product 
T2,^p,{z)Tj^^p^{z,u{x))Ti^p^{z,u{y)) equals rz,p^(-z)rz,p^(u(x - z))T^^p^{u{y - z)). Let ^" be the sum 
over all pairwise distinct x,y,z G Q2n such that x ~ ?/ ~ z. We obtain 

Since x, y and z are distinct and r-equivalent, at least two of them are at distance at least r/2 from the 
origin. Therefore, the above sum is at most 

Ep,N{A) + [2rz,p^(n(x))rz,p^(y)rz,p^(u(2;)) + T^,p,{u{x))Ti^p^{u{y))T:,^p^{z)] . 

x^y^z;x,y,zeQ2n;\x\,\y\>r/2 

Remember that we assume that r > AK. Therefore, |ti(x)| > r/4 when |x| > r/2. We can use (2.2), (2.3) 
and the fact that r <n < eV^/^ to bound the above sum by 

Ep,N{A) + CQ{n^){n^/Vf < Ep^iV(A) + CQ{e^V-^l^)n^ /V < 2Ep^iV(^), (3.6) 

when e is sufficiently small. A second moment estimate, using (3.4) and (3.6), yields 



Step 2. Consider the event 

E = E{r, n, K) = {0 ii(0) in TJ? by an open path vr with ^(vr) > r/2 and (5(7r) < n}. 

In other words, the event E implies that is connected to n(0) in by a path which, considered as a 
continuous path in the continuous torus, cannot be contracted into a path from to u(0) in Qk- Moreover, 
this path does not wind around the torus too often. We show that for small enough e and large enough 

^pSE)>\^pSN{A)^Q). 
Since 'S'p^E) > Fp^{N{A) 7^ 0) - Fp^{{N{A) / 0} \ ^), we should show that 

Fp^{{N{A) ^0}\E)< \¥pSN{A) / 0), (3.8) 

when £ is chosen small enough, and K large enough. 

If N{A) and E does not occur, then according to Proposition 2.1, there exist x G Qn with x ~ 
and X 7^ 0, a vertex z G Qn, and distinct vertices vi and V2 in Q„ with vi ~ V2 such that the following 
disjoint connections take place in Qn- 

{0 ■(r^ Z} O {z ■(r^ Vl} O {z ■(r^ V2} O {vi O u{x)} . 
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Therefore, the probabihty of the event {N(A) ^ 0} \E is bounded from above by 

Yl Y Yl T^,Pciz)Tz,pSz,Vl)T^^pSz,V2)Tt,^p,ivi,uix)). (3.9) 

Note that, since vi and V2 are distinct and r-equivalent, either \vi — z\ > r/2 or \v2 — z\ > r/2. Assume 
first that \v2 — z\ > r/2. It fohows from (2.3) that for any vi and z, 

Y T^,pc{z,V2) < Cion^/V, 

V2&Qn'-V2'^vi,V2^vi,\v2—z\>r/2 

where Cio does not depend on n, vi or z. Further, it follows from (2.4) that 

EE E r^,pMr.,P.{^,vi)r^,pM,u{x))< ^ CnHx)f-'' < Cue', (3.10) 

where in the last inequality we used the assumption that r > 4K, implying that |n(rc)| > \x\/2 for x ~ 0, 
and the fact that n < eV^I^ . Therefore, for V2 and z with \v2 — > r/2, the sum (3.9) is, uniformly in 
bounded from above by 

Next, consider the sum (3.9) in the case |fi — 2:| > r/2. By translation invariance, the sum (3.9) equals 

E E Y'^'^^vXA^T.,vXz^Vx)Tz^yXz,V2)Tz^pXv2,u{x)^{v2-Vx)). 

X£Q„,X'^0,Xy^O Vl,V2£Qn,Vl'^V2,Vly^V2 

By the definition of u{x), the translation of u{x) by {v2 — vi) equals u{x + (^2 — ^^i))- Since ~ t>2, the 
translation of x (r-equivalent to 0) by {v2 — vi) is still r-equivalent to 0. Note that x + {v2 — vi) S Q2n 
and it is also possible that x + {v2 — vi) = 0. These observations imply that the above sum is bounded 
from above by 

E EE T^,Pciz)T-z,pXz,Vl)Tt,^pXz,V2)T^,pSv2,u{x)). 

X£Q2n,X^0 Vl,V2eQ„,Vl^V2,VlJ^V2 ^SQ" 

Since we only consider the above sum in the case z and vi satisfy |vi — z| > r/2, we obtain as before that 

E Ti,^pciz,n) < Cion^/V. 

vieQn,vi^V2,vij^V2,\vi-z\>r/2 

It remains to bound the sum 

EE E T^,Pciz)Tz,priz,V2)Tz,pSv2,u{x)). 

There are two cases depending on whether x ^ or x = 0. The case x ^ can be considered similarly 
to (3.10), so the above sum is bounded from above by Ciae^ in this case (the constant changes, since we 
now sum over x G Q2n instead of j; G Qn)- 

It remains to consider the case x = 0. In this case |ti(a;)| = K, and we only need to bound the sum 
over z, V2 G Z'^. This sum is bounded from above by CmK^ by (2.4), where C14 is independent of K. 
Therefore, for vi and z with |fi — z| > r/2, the sum (3.9) is bounded from above by 
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Now take K large and e small so that (3.8) holds. We obtain from (3.7) and (3.8) that 

IPp.(^) > C^n^Km- 
Step 3. We now show that there exists C15 = Ci^{K) such that 

Pp,(LC„+3x) >Ci5(K)Pp,(£;). 

This follows from a local modification argument as follows. Note that if E occurs, there exist z and z' on 
dQx such that z is connected to z' by a path in TJ? \ Qk which can not be contracted into a path from 
z to z' inside Qk and, at the same time, does not wind around the torus too often. More precisely, this 
path TT satisfies ^(vr) > r/2 and 5{'k) < n + K. We can therefore modify the configuration of bonds inside 
Qk to make sure that {0 -f-^ z in Qk} o {0 -f-T- in Qk}, which implies that the origin is in a long cycle 
vr' with 6{tt') < n + 3K. Since there are only finitely many edges in Qk, the above inequality follows. 

We can now complete the proof of Proposition 3.2. We pick a so that (3.4) holds for all r > 4:K. We 
then pick e and K to satisfy (3.6) and (3.8). It follows from Steps 2 and 3 of the proof that for all r > AK 
and n G [a-'^r + 3K,eV^/^], 

Pp.(LC„) > Ci5^^^^^^^^^ > C^.n^V. 
Finally, we adjust the constant Cig so that the result remained valid for r < AK. □ 



4 Proof of Theorem 1.2 

We start by proving Theorem 1.2(b), which is a simple consequence of Theorem 1.1. Indeed, when there 
exists a long cycle of length at least e~^V^^^, then the number of vertices in long cycles is at least e~^V^^^. 
Denote the number of vertices in long cycles by M. Then, by the Markov inequality and Theorem 1.1, 

Pp^ (3 a long cycle of length > e^V^/^) < Pp,(M > e^V^/^) (4.1) 

< eV'^/%^[M] < Cie, 

by Theorem 1.1. In the remainder of this section, we prove Theorem 1.2(a). 

In the first lemma of this section, we provide sufficient conditions for non-existence (with high proba- 
bility) of long cycles with few edges contained in large open clusters. A more intuitive sufficient condition 
will be given later in Lemma 4.2. 

Lemma 4.1. Assume (l-l)- Let e he a positive number, and let k and n be positive numbers (possibly 
depending on e and V ) satisfying the following assumption: 

Let 5 = 5{£) be such that 

hm sup lim sup max | , F ^/^Pz,p, f 4^ dQ^i] 1=0. 

Then, 

lim sup lim sup Pt,p^ (Bx: |Ct(2;)| > SV"^^^ and Ci{x) contains a long cycle of length < fc) = 0. 
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Remark 1. For us, the most interesting choice of 5 in Lemma 4.1 is such that 5 = 6(e) J, as e J, 0. 
For such 6, Lemma 4.1 gives sufficient conditions for Theorem 1.2. It is possible to make such a choice 
because of the assumption of Lemma 4.1. 

Proof. We first give an upper bound on the probability that the origin is in a long cycle of length at 
most k. Let £k denote this event. Recall that LCa^ is the event that the origin is in a long cycle vr with 
6{7r) < 3n. It follows from Theorem 1.1 that Pp^(LC3n) < C2n?/V. It follows from Corollary 2.1 that the 
event £k \ LCsn implies the existence of two disjoint paths of length at most A: from the origin to dQn in 
Z*^. These observations imply 

Pp. i£k) < Pp. (LC3„) + Pp. (Sk \ LC3„) < C2n^/V + Pp, (o ^ dQn) ' , (4.2) 

where in the last bound we also used the BK inequality. 

It is now easy to finish the proof of Lemma 4.1. Indeed, by the Markov inequality and translation 
invariance, 



■ Pc 



3x: \Cr{x)\ > dV"^^^ and Cj{x) contains a long cycle of length < k 
V 

— 1 — ^N^Pc (Ct(0) contains a long cycle of length < A;) . 



If Cj{0) contains a long cycle of length at most k, then there exists a vertex x G Cj{0) such that the 
following events occur disjointly: {0 -f-)- x in T^} and {x is in a long cycle of length < k}. Therefore we 
can use the BK inequality to bound 

^y2/^ Ppc (^0 o X in jf^ Pp^ (x is in a long cycle of length < k) . 

The sum X^xeT'* ^Pc (O -H- x in T^) = Et,p^|Ct(0)| is the expected size of Ct(0). Using (2.5) and translation 
invariance, we bound 

Pp^ (Bx: \Cj{x)\ > bV'^l'^ and Ct(x) contains a long cycle of length < A;) < -^^CzV^I'^'^^X^k). 
Lemma 4.1 follows by using the upper bound on the probability of E}^ in (4.2). □ 

The next lemma gives a more intuitive sufficient condition for Theorem 1.2. 
Lemma 4.2. Assume (l-l)- The following assumption implies Theorem 1.2: 

( <en^ \ 

hm sup lim sup Pp^ ^= — > dQn \ i — > dQn = 0. 

£4,0 n-^oo V / 

Proof. We show that the assumption of Lemma 4.2 implies the assumption of Lemma 4.1 for k = en?. 
Note that there exists 7 = 7(e) such that 7>0, 7|0ase|0 and 

1 / <en^ \ 

limsup lim sup Pp^ ^= — > dQn \ i — > dQn = 0. 



£4-0 



lie) 



To show that the assumption of Lemma 4.1 holds, we take k = en^ and n = 7(e) ^/^l/^/^. The result 
follows, since Pp^(0 o dQn) x R''^ by (2.1). □ 

We are now ready to complete the proof of Theorem 1.2. 

Proof of Theorem 1.2. The assumption of Lemma 4.2 is satisfied by Theorem 1.5, which shall be proved 
independently in Section 6 below. Hence, Lemma 4.2 implies Theorem 1.2. □ 
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5 Proof of Theorems 1.3 and 1.4 



5.1 Proof of Theorem 1.3 

Let X be the set of z G Ct(0) such that {0 -f-T- z} o {z is in a long cycle}. Theorem 1.3 follows from Lemma 
5.1: 

Lemma 5.1 (Bound on the number of long cycles). 

yc,{o) <2(i \T\. 

Moreover, when (1.1) holds, there exists a finite constant C such that 

Before we prove Lemma 5.1, we show how to use it to complete the proof of Theorem 1.3: 

as required. In the remaining part of this section, we prove Lemma 5.1. 

Proof of Lemma 5.1. Let £ be the set of edges of the torus adjacent to at least one of the vertices from 
X. We will show that ^^(o) < l-^l- 

Let G = Ct(0), and let G = G \ £ denote the subgraph of G obtained by removing every edge of G 
that is in £. Note that every vertex from I is an isolated vertex in G. We claim that the graph G does 
not contain long cycles. Indeed, assume that there is a long cycle vr in G. Since G is a subgraph of G, vr is 
a long cycle in G. In particular, there exists z G vr such that is connected to z in G by a path that does 
not use any edges from vr. Therefore, z £ I and z is not an isolated vertex in G. This is a contradiction. 

We have just shown that by removing every edge adjacent to a vertex in I, we obtain a subgraph of 
CTr(O) without long cycles. This implies that ^^^^(o) < I'^^l < 2d\I\. 

Further, by the BK inequality, (2.5) and Theorem 1.1, 



EpJI\ < EpJCt(0)| Pp,(0 is in a long cycle) < Cal^"^/^. 



□ 



5.2 Proof of Theorem 1.4(a): existence of long cycles 

In this section we prove Theorem 1.4(a). We show that there exists c > such that 

Pp^ ^there exists a long cycle of length > cV^^^^ > c. 
Take £ > 0. The precise value of e will be determined later. Define 

M = \{x: X is in a long cycle of length > 

Then, clearly, 

Pt,p, (3 a long cycle of length > eV^^^^ = Pt,p,(M / 0). (5.1) 
By the second moment method, we can bound 

(IEt,p.M)2 



\,p,(M/0)> 
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We first show that Et,p,M > C^V^/^, and then that Et.p.M^ < dV'^/'^. By translation invar lance, 

Et,p^M = yPT,pe(0 in a long cycle of length > eV'^/^). 
Let = {0 in a long cycle of length < k}. We write 

PT,pe(0 in a long cycle of length > eV^^^) > Pt,pc(0 in a long cycle) - fj^p^iS^yi/i). 
It follows from Theorem 1.1 that 

Pt,p,(0 in a long cycle) > CsF"^/^. 
Therefore, it remains to show that for some e > 0, 

iPT,p.(^:,yi/3) < (5.2) 

By (4.2) with k = [eV^/'^\ and n = [5V^/^\ for some (5 > 0, 



It follows from Theorem 1.5 and (2.1) in Theorem 2.1 that there exists tq = ro(e, (5) such that for all 
r > ro (i.e., V > r^), 



We choose 6 = e^^^. Then, by taking e small enough, we deduce (5.2) for all r > tq. Therefore, 

Pt,p,(0 in a long cycle of length > eV^^^) > ^y-^/s 

for small enough e and for all r > ro = ro(e). We then choose C3 = C3(e) so that 
Pt,p,(0 in a long cycle of length > eV^/^) > Cs^-^/s f^^. ^ > l. This implies that Ej-^^M > Cgl/Vs. 
It remains to prove that Et,p,M2 < CaV^/^. bmce 

Et,p^M^ = ^Pt,pc (x,y in long cycles of length > eV^^^^ , 



x,y 

it suffices to show that 



^Pt,p^ (a;,y in long cycles) < CiV"^^^. 



x,y 



We split the above sum, depending on whether the events {x in long cycle} and {y in long cycle} occur 
disjointly or not. The contribution where these events do occur disjointly can be bounded, using the 
BK-inequality and Theorem 1.1, by CgV^^/'^, so that 

ET,p,M2<C79y2/3 + ^PT,p, (x , y in overlapping long cycles) , 

x,y 

where the event {x, y in overlapping long cycles} indicates that all pairs of long cycles, one of which 
contains x and the other y, share at least one edge. 
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Lemma 5.2 (Contribution of overlapping cycles). Assume (1-1). There exists a finite constant C such 
that 

^^Pt,pc {x^y i'n overlapping long cycles) < CV"^^^ . (5-3) 
x,y 

Proof. When x and y are in overlapping long cycles, there exist u, v such that (a) u and v both are part of 
the long cycle that contains x as well as the one that contains y, (b) the connections x ^ u,u ■<r^ v,x ^ 
y -H- u, 7/ -H- u all occur disjointly, and (c) at least one of the connections in (b) has displacement at 
least r/6. Therefore, using symmetry and the BK inequality, we can upper bound the sum in (5.3) by 

4 ^ Ptt.Pc ^ with displacement > r/6)rT,p^(x, 't;)rT,p^(u, u)rT,p^(y, n)rT,p^(2/, w) 

+ ^ rT,p,(x,M)TT,p,(x, v)PT,pc(^i ^ with displacement > r/Q)Tj^p^{y,u)T-r^p^{y,v). (5.4) 



x,y,u,v 



x,y,u,v 



By Theorem 1.7, we can bound F-i^p^^x o u with displacement > r/6) < CiqV Let 

Vt,p = sup^rT,p(a;,u)TTr,p(n,'t;)rT,p(f,y). (5.5) 

x,y 

u.v 

It follows from [6, Theorem 1.6(iii)] and [14, (1.6)] that V^.p^ < oo. Therefore, we can bound the first 
sum in (5.4) by 

iy,u)T^^pSy,v)<CioV-^/^VV^,p^E^,p^Crm < CnV^^^ (5.6) 

x,y,u,v 

and the second sum in (5.4) by 

CioV'"^/^ ^ Tj^p^{x,u)TTr,pc{x,v)Tj^p^{y,u)TT.^p^{y,v) 

x,y,u,v 

iu,y)rj^p^iy,v)Y '^T,pc(^) 



V 

x,y,u,v 



= Cioy'2/VV,,p,ET,pJC(0)| C7ny2/3_ 
These estimates complete the proof. □ 
We have just shown that K^^p^M"^ < C^V'^^^. By the second moment method, we obtain 



■ T,Pc 



3 a long cycle of length > eV^/"^) = Pt,p,(M / 0) > V'''%^2 > 7^ > 0- 



This completes the proof of the fact that a long cycle of length > eV^^^ exists with positive probability. □ 



5.3 Proof of Theorem 1.4(b): non-existence of long cycles 

In this section we prove that, for any positive 5, with positive probability uniformly in r, the clusters of 
size > dV"^^^ do not contain any long cycles. In other words, recalling the definition of Ys in Section 5.1, 
we will prove the following proposition: 
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Proposition 5.1 (Non-existence of long cycles). For any positive 6 there exists c > such that, for all 
r>l, 

1Pt,p,(15 = 0) >c. 

Proof. For x G TJ?, run the following exploration of the edges of Ci{x) started from x. Enumerate the 
edges of Tf. (In the algorithm we describe now, if there are several edges to choose from, we always 
pick the edge with the smallest number.) The first stage of the algorithm is the standard depth-first 
exploration. At this stage, after n steps, the algorithm produces 

• the set of explored vertices Xn (which will be a subset of the vertices of Ct(x)), 

• the set of explored edges En (these will be the explored edges, the occupancy of which we will 
check) , 

• the set of open explored edges T„ and the open cluster induced by these edges, also denoted by 
(which will be part of the depth-first spanning tree of Ct(x)), and 

• the set of unexplored edges Un (the algorithm will not check the occupancy of these edges) . 

Further, let Wn = EnUUn- 

Take x G T^. Let Xq = Tq = {x}, Wq = 0. Let n > 0. Assume that Xn, En, Tn and Un are defined. 
If there is no edge {a, b} with a G Xn and {a, b} ^ Wn, then we stop the algorithm and write Ax = An 
for all A G {X, E,T,U,W}. Otherwise, pick the vertex o G Xn which is the farthest from x in T„ for 
which there exists 6 G TJ? such that {a,b} ^ Wn- Such a vertex, if it exists, is always unique, since we 
explore depth-first. (We prove this statement in Lemma 5.3(a) at the end of the section.) 

Let e = {a, b} be the smallest such edge. We distinguish two cases: 

1. If b ^ Xn, then we define En+i = £"„ U {e}, Un+i = Un, and check the occupancy of e. 

(a) If e is open, then we define Xn+i = Xn U {6} and Tn+i = T„ U {e}. 

(b) If e is closed, then we define Xn+i = Xn and Tn+i = Tn- 

2. If 6g X n (in this case we call e a surplus edge), then we define Xn+i — Xn, 7n+i — Tn, En+i — En, 
and Un+i = UnU {e}, and do not check the occupancy of e. 

Since the number of edges of is finite, this stage of the algorithm will terminate at some step < oo. 
We then write Ax = An for all A G {X, E,T, U, W}. In particular, Xx is the vertex set of Ci{x), Tx is 
the "depth-first" spanning tree of Ci{x) with root at x, and Wx is the set of edges with at least one end 
vertex in Cj{x). The occupancy of edges in Ex is known. In particular, the graph induced by sets of open 
edges in Ex is Tx. The occupancy of edges in Ux has not been checked. The sets Ex and Ux are disjoint. 
Also note that, given the set of unexplored edges Ux, the edges in Ux are open independently of each 
other. An example of an edge {a, b} G Ux is given in Figure 1 below. 

We proceed by describing the second stage of the algorithm. The aim of this second stage is to select 
those surplus edges {a, b} that (i) close a long cycle; and (ii) are such that x < — > b is completely disjoint 
from the long cycle that is created by the addition of the edge {a,b}; and (iii) there are no long cycles 
precisely when all these selected edges are closed. 

After n steps, the algorithm produces 

• the set of open explored edges Gn and the open cluster induced by these edges, also denoted by G„ 
(which will be a subgraph of Ct(x) without long cycles), 
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X 



Figure 1: Example of an edge {a,b} G Ux- 

• the set of explored edges Fn (which will be a subset of edges of Ux , the occupancy of which we will 
check), and 

• the set of special edges Z„ (the algorithm will not check the occupancy of these edges; each e £ Zn 
will have the property that in the graph G„ U {e}, e is in a long cycle tt, and there exists a path p 
connecting one of the end- vertices of e to x which is edge disjoint of vr). 

Note that, according to the first stage of the algorithm, each edge e G Ux can be written as {a, b} such 
that the unique path from a to x in the spanning-tree Tx passes through b. (We prove this statement in 
Lemma 5.3(b) at the end of the section.) 

Denote by Bx the set of end- vertices with this property, that is, a vertex b is in Bx if and only if there 
exists a vertex a such that the edge {a, b} is in Ux and the unique path from a to x in the spanning tree 
Tx passes through b. 

We enumerate the vertices of Bx subject to the following restriction: a vertex b £ Bx receives a 
smaller number than b' E Bx if the unique path from b' to x in the spanning tree Tx passes through b. 
This ordering of the vertices in Bx can be better understood by introducing an auxiliary abstract tree T^; 
rooted at x with the vertex set {x} U Bx and the following set of oriented (away from the root) edges: 
For b,b' G Bx, there is an edge from b to b' in T^;, if the unique path from b' to x in the depth- first 
spanning tree Tx passes through b, and the unique path between b and b' in Tx does not contain any 
other vertices from Bx- With this definition, we can alternatively say that a vertex b S Bx has a smaller 
number than b' G Bx if there is an oriented path from b to b' in T^^. In other words, we enumerate the 
vertices of Bx according to their distance to x in the abstract tree T^;. An example of a collection of 
cycles and the corresponding tree T^; is given in Figure 2 below. 

The second stage of the algorithm goes as follows. Let Gq = Tx, Fq = 0, Zq = and Bq = Bx- 
Assume that, for n > 0, the sets G„, F„, Z„ and i?„ are defined. If Bn = 0, then we stop the algorithm 
and define Gx = Gn, Fx = Fn and Zx = Zn- 

Otherwise, pick a vertex b £ Bn with the biggest number. We distinguish two cases: 

1. If there are at least two vertices a and a' such that the edges {a,b} and {a' ,b} are in Ux \ {Fn L) Zn), 
then define Bn+i = Bn and we select the admissible edge with the smallest number. (This is the 
same numbering of the edges of the torus as in the first stage of the algorithm.) 

2. If the vertex a such that the edge {a, b} is in Ux\{FnUZn) is unique, then we define Bn+i = Bn\{b} 
and select this edge. 

Assume that the edge e = {a, b} is selected. 

1. If the graph G„ U {e} does not contain a long cycle, then we define Fn+i = F„ U {e} and Zn+i = Zn 
and check the occupancy of e. 

(a) If e is open, then define = G„ U {e}. 
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(b) If e is closed, then define Gn+i = Gn- 

2. If the graph G„ U {e} does contain a long cycle, then we define Gn+i = Gn-, -^n+i = Fn and 
= Zn U {e} and do not check the occupancy of e. Note that, by the special ordering of the 
vertices in B^, every long cycle of the graph G„ U {e} passes through e and it is edge disjoint with 

the unique path from b to x in the tree Tx- 

Since the number of edges of is finite, this stage of the algorithm will terminate at some step N' < cc. 
We then write Ax = An' for all A G {G, F, Z}. The sets Fx and Zx are disjoint, and their union is Ux- 
The occupancy of edges in Fx is known. In particular, the graph induced by set of open edges in Ex U Fx 
is Gx- The occupancy of edges in Zx has not been checked. In particular, given the set Zx, the edges 
in Zx are open independently of each other. By the definition of Zx, any edge e € is in a long cycle 
in the graph Gx U {e}, and every long cycle of the graph Gx U {e} passes through e. Moreover, by the 
special ordering of the vertices in Bx, any edge e G Zx can be written as {a, b} so that the unique path 
from 6 to X in the spanning tree Tx is edge disjoint from some long cycle of the graph Gx U {e} (but not 
necessarily from all long cycles of the graph Gx U {e}). 

We run the above defined exploration algorithm for all the open clusters of the torus. We pick a vertex 
xi uniformly on the torus and determine the depth-first spanning tree of the cluster of xi with root at 
xi, Txi, the set of explored edges Ex^ U Fx^, and the set of special edges Z^-^. Wc then pick a vertex X2 
uniformly from the remaining vertices and determine the depth- first spanning tree of CT(a:2), Tx^, the set 
of explored edged Ex2 U Fx2, and the set of special edges Zx2- We then proceed similarly by selecting 
X3, . . . ,xm and determining Ta,., Ex^ U Fa,, and Zxi- Here M = M{oj) is the number of open clusters in 
the realization u. 

Given the sets of explored edges E^^ U Fx- , the number of long cycles is defined by the status of the 
special edges Zx^. In particular, if all the edges in Zx^ are closed, then Ci{xi) does not contain long cycles. 
Note that given the set of explored edges Ex^ U Fxi, the event that all the edges in Zj,. are closed has 
probability 
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Also, the size of a cluster is determined by the number of vertices in a spanning tree. Therefore, (remember 
that M is the number of open clusters in the torus) 

Pp^ (Ys = 0) = Ep, [(1 -p,)Efij^.J/(|c(x.)l><5V^/«)] > (^i_p^f.A^fL\z.MCi-.)\>svy^)], (5.7) 

The last step follows from Jensen's inequality. 

Let C(i) , . . . , C(M) be all the clusters of the torus sorted from the largest (in the number of vertices) to 
the smallest with ties broken in an arbitrary way. We will show that 



M 



J2\Z..\I{\Cr{xi)\>6V'/') 



i=l 



\c 

i=i x'eC(,) I 



(5.8) 



Fix a percolation realization on the torus. Remember the way we select the vertices xi, . . . , xm- select xi 
uniformly on the torus, select X2 uniformly on \ Ct(xi), select X3 uniformly on \ (Ct(xi) U Cj{x2)), 
and so on. Given a percolation realization on the torus, we can select the vertices xi, . . . , xm in two steps: 
first select a permutation cr of {1, ... , M} (the distribution of a is irrelevant to us), and then select Xj 
uniformly from C(^„(^i-,y Note that the sum |Za;.|I(|CT(xj)| > 5F^/^) does not depend on a, i.e., on 

the order in which we select clusters, and only depends on which points in clusters we select as Xj's. This 
implies (5.8). 
Note that 



< 



^E 



M 

E E i^^i 

1=1 a;eC(j) 



_i=i xeQi) 

Therefore, it follows from (5.7) and (5.8) that 

Pp. (y, = o)>(i-p.)^-^^^^^^-[|^oii 

Proposition 5.1 follows once we show that 



(5.9) 



Recall that X is the set of z G Ct(0) such that {0 f-)- z} o {z is in a long cycle}, and let £ be the set of 
edges with at least one end-vertex in I. By the properties of Zq, ii e £ Zq is open, then e G £. Therefore, 



E, 



'Pc 



[\Zo\] = -^Pp,(e G Zo,e is open) < -EpM < -2dEpjm: 



Pc^ Pc Pc 

The claim (5.9) now follows from Lemma 5.1. This completes the proof of Proposition 5.1. 



□ 



In the remainder of this section, we prove some properties of the exploration algorithm defined in the 
proof of Proposition 5.1. Remember the notation used in the description of the algorithm. 

Lemma 5.3 (Structure depth-first tree), (a) For n > 0, let Xn he the set of vertices a' G for which 
there exists b' G Tf such that the edge {a', b'} ^ Wn- For each n > 0, there exists a unique vertex a G Xn 
which is the farthest from x in the tree Tn, and all the other vertices from Xn belong to the unique path 
from a to the root x in Tn- 

(b) For all e £ Ux, there exist a,b €z X^ such that e = {a, b} and the unique path from a to x in the tree 
Tx passes through b. 
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Proof. The proof of part (a) is by induction on n. The result is obvious for n = 0, since Xo = {x}. 
Assume that the result holds for all n' < n. Pick the unique vertex a G Xn which is the farthest from 
X in T„. Let {a,b} ^ Wn- (If there are several choices, then we pick the smallest edge according to 
the numbering of the edges of the torus.) If {a, 5} satisfies 1(a) of the first stage of the algorithm, then 
b E Xn+i, and the unique path from 6 to x in Tn+i contains Xn, by the induction assumption. If {a,b} 
satisfies 1(b) or 2 of the first stage of the algorithm, then either Xn+i = Xn (if there is more than one 
edge {a,b'} ^ Wn) or Xn+i = Xn \ {a} (if there is the unique edge {a,b'} ^ Wn)- In both cases Xn+i 
satisfies the statement in part (a) of the lemma, by the induction hypothesis. This completes the proof 
of (a). 

To prove part (b), let e G Ux- There exists n > such that Un+i \ Un = {e}. By the definition of the 
algorithm, there exist a and b such that e = {a,b} and a is the farthest vertex in Xn from x in r„. Note 
that the edge e satisfies condition 2 of the first stage of the algorithm. In particular, b G Xn and e ^ Wn- 
Therefore, b £ Xn- The result in part (b) now follows from part (a) of the lemma. □ 

6 Proof of Theorems 1.5 and 1.6 

In this section, we restrict to percolation on Z'^. In particular, all the paths are assumed by default to 
be in Z"^, and we write here {x -f-)- y} for {x -f-)- y in X'^} and C{x) for Cz(x). This section is organized as 
follows. In Section 6.1, we start with some preparatory lemmas based on the techniques in [19, 20]. We 
prove Theorem 1.6(a) in Section 6.2, and Theorems 1.6(b) and 1.5 in Section 6.3. 

6.1 Preparatory lemmas 

The following lemma produces the factor y/e that is present in Theorems 1.5 and 1.6(b): 

Lemma 6.1. There exists a finite constant C such that for any e > 0, positive integer n, and x S Z"^ 
with \x\ > V? , 




Proof of Lemma 6.1. This proof is a slight modification of the proof of [20, Lemma 2.5]. The event 

= {0 dQn} is measurable with respect to Bj{en'^) = {x G Z'^: x}. Therefore, [20, 

Lemma 2.5] implies that for any x G Z'^ with |x| sufficiently large, 

Pp. (o ^ dQn,0^ x^ < Ci^Jen^Fp^{E)Fp^{0 o x). 

In fact, it follows from the proof of [20, Lemma 2.5] that the above inequality holds for all x G Z*^ with 
|x| > n^. Finally, remember that Fp^{E) < C2n~^ by (2.1). This completes the proof. □ 

It follows from Lemma 6.1 and (2.2) that 

^ Pp, (o ^ dQn, o X j < CsVin^ (6.1) 

which shall be used crucially later on. 

We next recall some notation from [19]. Recall the definition of a i^-regular vertex from [19, Defini- 
tion 4.1]: For A C Z'^, let C(x; A) be the set of vertices y such that x -f-T- y in ^. For x G dQn and positive 
integers s and K, we say that x is s-bad if C(x; Q„) satisfies 

Pp, (|C(x)nQ,(x)| <s^log^s I C{x;Qn)) < 1 - exp(- log^ s). 
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We further say that x G dQn is K-irregular if there exists s > K such that x is s-bad. Otherwise we say 
that X is K -regular. 

We say that a pair of vertices (x, y) is (tz, K ^ £)-ad.missible if the fohowiug conditions hold: (a) y G dQ^i 

and X G Q2n'^ \ Qn'^', (b) y in Q„ and y x; (c) y is JC-regular; and (d) the edge {y,y} is pivotal 
for the event -f-T- x, where y is the neighbor of y not in Qn (if more than one exist, then we choose the 
first in lexicographical order). 

We define Y{n, K,£) as the number of (n, /C, e)-admissible pairs. The random variable Y{n, K,e) is 
very similar to Y{j, K, L) defined in the proof of [19, Lemma 5.1]. 

Remark 2. Note that [19, Lemma 5.1] holds for all M > 1 and not just for M > L^/2 as it is stated. 
Indeed, [19, Lemma 5.1] follows directly from [19, Lemmas 5.3 and 5.5], both of which hold (and are 
stated) for all M > 1. 

Lemma 6.2. There exists a positive constant C4 = Ci{K) such that for K sufficiently large, any positive 
integer n and e > 0, 

Ep^Y{n, K,£) > C4,{K)n^'EpJ{y G dQn - y in Qn,y is K-regular}\. 

Proof. A word for word repetition of the proof of [19, Lemma 5.1] (taking into account Remark 2) gives 
Lemma 6.2. Indeed, with the notation of [19], the only difference in the proofs arises in the proof (and 
the statement) of [19, Lemma 5.3], where instead of the event 

£1 = {0 X in Qj , X is K — regular and x^~^^^ = M}, 

we use the event ^ 

£\ = {0 ¥^ X in Qj,x is K — regular and X^~^^^ = M}. 

However, the event £1 still can be determined by observing only the edges of C{Q;Qj). Therefore, the 
proof of Lemma 5.3 in [19] remains unchanged if we replace the event £1 with the event £1. The proof of 
Lemma 5.5 in [19] also requires only that the event £1 must be determined by observing only the edges 
of C(0; Qj), and therefore also holds with 81 replaced with £1. □ 

Note that for every x G Q2-n? \ Q-n? there exists at most one y G dQn such that the pair of vertices 
(x, y) is (n, K, e)-admissible. Therefore, 

Ep^y(n, K, e) = ^ Pp^ G dQn ■ {x, y) is (n, K, e)-admissible^ . 

If (x, y) is {n, K, e)-admissible, then {0 ^ — > y in Qn} and {0 o x} both occur. We use this observation 
to bound the expected number of (n, K, e)-admissible pairs from above by 

J2 ^pj3yedQn.0^yinQn,0^x]= ^ Fp(o^dQn,0^xY 
We can now combine these bounds with the results of (6.1) and Lemma 6.2 to get 



{y G dQn : y in Qn,y is iT-regular} 



for all large enough K, positive integers n and for all e > with the constants C3 from (6.1) (not 
depending on K, n and e) and C4,{K) from Lemma 6.2 (not depending on n and e). We next investigate 
the contribution from X-irregular y's: 
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Lemma 6.3. For all large enough K and for all e > 0, 

limsup Pp^ I y in Qn,y is K -irregular j < - limsup Pp^ (o y in Qn 

Proof of Lemma 6.3. Recall the definition of an s-locally bad vertex from [19, Definition 4.3]: Let Tg°'^{x) 
be the event that (a) for all y G Qs{x), \C{y;Qg2d{x)) D Qs{x)\ < s^log^s; and (b) there exist at most 
log^ s disjoint open paths starting in Qs{x) and ending at dQg2d{x). For x G dQn and positive integers 
s and K., we say that a cluster C in Q^^^i (x) n Qn is a "spanning cluster" if (a) C H Qn intersects both 
dQ^id^[x) and Qg2d{x), or (b) C = C{x). We say that x is s-locally bad if there exist spanning clusters 
Ci,. . . ,Cm in Q,4d2 (x) n Qn such that 

ri°^(x) \Ci,...,Cm) <1- exp(- log2 s). 



Note that the event that x is s-locally bad is determined by the status of the edges in the box Q^4d2 (x)nQ„. 
Moreover, it follows from [19, Claim 4.2] that if x is not iiT-regular, then there exists s > K such that x 
is s-locally bad. Therefore, we need to bound from above the probabilities 



<en^ 

^ — > y in Qn, y is s-locally bad 



for y G dQn, s > K and large enough n. 

Since we are only interested in large n, we may assume that ne > 1. We consider two different cases: 
2d{s'^'^f < n and 2d(s''"''')'^ > n. We start with the case 2d(s^'^'')'^ < n. Note that in this case the baU 
Q 4jj2 contains at most en^ edges. We bound the sum 



from above by 



Pp^ ( ^—^ y in Qn, y is s-locally bad 

y&dQn 



J2 Ppj0^Q^4.2(y) inQ 

n, 

y is s-locally bad 



yedQ 



<en- 



Since the events {0 ^ — > Q^Ad^ (y) in Qn} and {y is s-locally bad} depend on the states of edges in disjoint 
subsets of Z*^, they are independent. In particular, the above sum equals 

IPpc ( Qs-^d^ (y) ™ <5n 1 Pp, (y is s-locally bad) . 
y&dQn ^ ^ 

By [19, Lemma 1.1] and the FKG inequality (see, e.g., [10, Theorem 2.4]), there exist a positive constant 
C5 and a finite constant Ce such that for all m and z, z' G dQm, 

Fp^{z o z' in Qm) > C5 exp {-Cq log^ m) . 
We apply this result to "extend" the path ^ — > ^^4^2 {y) in Qn to a path — > y in Qn'. 

Pp. (0 ^ Q^,d2 (y) in Qn^ < C7 exp (Cg log^ s) Pp, (^0 & y in Q„) . 
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Here we also use the fact that the number of edges in Q 4^2 (y) is at most en?, which impUes that if two 
vertices z and z' in Q 4^2 (y) are connected by an open path in Q 4^2 (y) then the length of this path is at 



most en?. 



It follows from [19, Lemma 4.3] that 

Pp^ {y is s-locally bad) < Cg exp (— Cio log^ s) . 



We now put these bounds together. Let be the sum over all s such that s > K and 2d{s^'^^Y < 
We obtain that 

Pp^ I y in Qn, y is s-locally bad J 



y&dQ„ 

is bounded from above by 



Cn exp {-C12 log^ i^) ^ Pp,(0 ^ y in Q„), 

where the constants Cn and C12 do not depend on n, e or K. 

We now consider the case 2d{s^'^^)'^ > n. Let so = (n/2d)i/(4'^'). For s > So, we simply bound 



00 / < 2 N 00 

Pp^ I y in (5n,y is s-locally bad | < |OQ,i| sup Pp^ {y is s-locally bad) 

We again use [19, Lemma 4.3] to bound the above expression by 

00 

\dQn\ ^ Cg exp (-C10 log^ s) < Ci3 exp (-C14 log^ n) , 



s=so 



since sq = (n/2(i)^/(^'^^), and where the constants C13 and C14 do not depend on n, K, or e. 

We take X so large that Cn exp (— C12 log'^ -ftr) < 1/2. Remember [19, Claim 4.2] which states that 
if y is ii'- irregular, then there exists s > K such that y is s-locally bad. Therefore, for such choice of K, 
the sum 

Pp^ I y in Qn, y is K-irregular J 
2/e9Q„ ^ ^ 

is bounded from above by 

I ^P^' (0 y + '^13 exp (-C14 log^ n) . (6.3) 

y&dQ„ ^ ^ 

The result of Lemma 6.3 follows. □ 

With Lemma 6.3 at hand, we are now ready to prove Theorems 1.6 and 1.5 in Sections 6.2 and 6.3. 



6.2 Proof of Theorem 1.6(a) 

The proof of Theorem 1.6(a) is similar to the proof of Lemma 6.3, but easier. We refer the reader to 
Section 6.1 for definitions and notation. Remember the definition of a JT-regular vertex from Section 6.1. 
Let Xn~^^^ be the number of /C-regular vertices on the boundary of Qn connected to the origin by an 
open path in Qn- 
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Let Y{n, K, L) be the random variable defined in the proof of [19, Theorem 2]: We say that a pair of 
vertices {x,y) are (n, L)-admissible if the following conditions hold: (a) x £ dQn and y G Ql{x); (b) 
-H- X in Qn and x ^ y; (c) x is iC-regular; and (d) the edge {x, x] is pivotal for the event o y, where 
X is the neighbor of x not in Qn (if more than one exist, we choose the first in lexicographical order). We 
define Y{n,K,L) as the number of (n, ivT, L)-admissible pairs. 

It follows from [19, Lemma 5.1] and Remark 2 that there exists C15 = Ci5{K) such that for all large 
enough K and for all n and L, 

Ep^y (n, K, L) > Ci5(i^)L2Ep,Xf — 3. (6.4) 
Lemma 6.4. For all large enough K and for all n, 

> 1 ^ Fp^iO^xm Qn). 

x£dQ„ 

Proof. The proof of this lemma is very similar to the proof of Lemma 6.3, but simpler. In the same way 
as in the proof of Lemma 6.3 and with the same choice of -fC, we bound the sum 

Pp^ (0 -f-)- x in Qn, X is not ivT- regular) 

XGdQn 

from above by 

^ Pp,(OoxinQ„) + C7i3exp(-Ci4log^i^). 

We then use the result of [19, Lemma 3.1]: For all positive integers n, 

J2 Pp,(OoxinQ„) > 1. 

xedQn 

We increase K if necessary to fulfill the bound C13 exp (-Culog'^i^r) < 1/6. The result follows. □ 
Theorem 1.6(a) follows in a straightforward way from (6.4), Lemma 6.4 and the fact that 

Ep^Yin,K,n) < ^ Pp^(0 ^ y) < Cien^. 

The last inequality follows from (2.2). □ 

6.3 Proof of Theorems 1.5 and 1.6(b) 

Proof of Theorem 1.6(h). Let 



F(e)= limsup f 1^^ y in Q„) 



y&dQn 

Theorem 1.6(a) implies that there exists a finite constant C17 such that F{e) < C17 for all e > 0. It 
follows from (6.2) and Lemma 6.3 that for all e > 0, 

F{e)<^^V~e + lF{2e). 
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We apply the above inequality k times to get 



F{e) < CisV~e+^F{2h) < CisV~e+^: 

with Ci8 = Cs\/2/C4{\/2 — 1) and where we use that F{2^e) < Cn by Theorem 1.6(a). This inequality 
holds for any fixed k. We complete the proof of Theorem 1.6(b) by taking k such that 2^-^ > 1. □ 

Proof of Theorem 1.5. Take e > and n > 1. Let k = [Ke^^'^n] , for large enough K. The precise choice of 
K will be made later in the proof. It suffices to prove Theorem 1.5 for small enough e, therefore, we assume 
that Ke^/"^ < 1. (Our choice of K later wih be made independently of e.) Let M = [l/(Ke^/^)J — 1 > 0. 

Note that the event {0 ^—^ dQn} implies the existence of xi, . . . ,xm such that for all i € {1, • . . ,M}, 
Xi G dQk{xi-i) (where we assume xq = 0) and the following connections all occur disjointly: 

^= — > Xi in Qk{xi-i)}, iG{l,...,M}, and {xm dQk{xM)}- 
By the BK inequality and translation invariance, we get 



(o 1^ y in Qk^ 



yedQk 



M 



(0 o dQk) . 



It follows from (2.1) and the definition of k that 



Pp. (0 ^dQk)< 



Cl9 



(0 ^ dQn) ■ 



Therefore, 



limsupPp, [O^dQnlO^ dQnj < 



lim sup 



y&dQk 



^ — > y m Qk 



M 



By the definition of k and Theorem 1.6(b), 

lim sup V Pp, fo 1^ y in < C20/K. 

The constant C20 does not depend on e. We choose K large enough so that C20/K < e^^. Putting the 
bounds together, we obtain 



<en^ 



lim sup Pp, [O^dQnlO^dQn] < Caie^^e 



Since M = [l/(Ke^/2)J - 1, the resuh follows. 



□ 



7 Proof of Theorem 1.7 

We prove the first statement of Theorem 1.7 in Lemma 7.1, and the second statement of Theorem 1.7 in 
Lemma 7.2. 
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Lemma 7.1. There exists a finite constant C such that for all x G T^, 

Pp^(0 ^x m T^) < rz,p,(0,x) + CV'^'^ . 
Proof. Remember the definition of A„(x) in Section 2.1. Take x S T^. We write 

Pp,(0 o X in T^) = ¥pX^y,/,{x)) + Pp^ ({0 o X in T^} \ Ayi/6(x)) . 

It fohows from Proposition 2.1 and (2.3) that 

Pp,(A^i/6(x)) < r,,p^(0,x) + CiV-^/\ 

Let n = \y^/^ /A\ . For x G TJ? and A; > 1, we denote by Cj{x; k) the set of all y G TJ? such that x and y 
are connected in by an open path with displacement < k. By Proposition 2.1 and Corollary 2.1, the 
event {0 -f-)- x in T^} \ Ayi/6(x) implies that (a) ^C^{{)■.,n) ^ 0, (b) dCY{x\n) ^ 0, and (c) Cj{0;n) and 
Ci{x;n) do not intersect. We refer the reader to Section 2.1 for the basic properties oi Ci{z;n). 

Let G be a subgraph of TJ?. We define Ct(0; n; G) in the same way as Ct(0; n), except that we are now 
only allowed to use edges from G. A coupling similar to the one in Proposition 2.1 gives 

supPp, {dCriO; n; G) / 0) < Pp, (0 ^ OQn) • 
G 

Indeed, the only difference is that now we do not explore edges of Z'^ corresponding to the edges in Tf. \ G. 

Let G' be the subgraph of obtained by removing all edges needed to calculate Cj{x;n). Note that 
the events (a)-(c) imply that dC-r{x;n) ^ and 5CTr(0;n;G') ^ 0. By conditioning on the set of edges 
needed to calculate CTr(x;n) (with dCi{x;n) ^ 0), we obtain that the probability of the intersection of 
the events (a)-(c) is bounded from above by 

supPp, (5Ct(0; n; G) / 0) Pp, {dC^{x- n) / 0) < Pp, (0 o dQnf , 
G 

which is bounded from above by C2n~^ < C^V^"^^^ by (2.1). This completes the proof of the lemma. □ 

Lemma 7.2. There exists a finite constant G such that for all x ^ and for all positive integers n 
smaller than r/2, 

Pp^(0 ^ X injf by a path with displacement > n) < Gn^'"^ + GV^'^I'^ . (7.1) 

Consequently, there exists a finite constant G such that for all x E T^, 

Pp,(0 ^ X injf by a path with displacement > r/6) < GV'^^^. (7.2) 

Proof. We start with the proof of (7.1). Let x G Tf. Let n be a positive integer smaller than r/2. 
We distinguish two cases: |x| < 2n/3 and |x| > 2n/3. In the first case, we observe that the event 
{0 -f-)- X by a path with displacement > n} implies that there exists a vertex y E dQn such that 

{0 o 2/ in Qn} o{y^ x}. 

By the BK inequality. Theorem 1.6(a) and Lemma 7.1, 

Pp^(0 o X in by a path with displacement > n) (7.3) 

< Yl IPpc(0 ^ 2/ in Q„)Pp,(y o x) < G^T^^p^iy, x) + G^V-''/'^. 

y&dQn 
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Since |x| < 2n/3, the distance between x and y is at least n/3. Therefore, by (1.1), Tz^p^{y,x) < Csn^"*^, 
and (7.1) follows. 

In the case |x| > 2n/3, the event {0 -f-T- a; by a path with displacement > n} implies that there exists 
a vertex y S dQ^n/3\ such that 

{0 O y in Qin/3\} °{y ^ x}. 
Similarly to the calculation in the case |x| < 2n/3, we obtain 

Pp^(0 o X in by a path with displacement > n) < CQT2^p^{y, x) + CqV~'^^^. 

Since, again, y is chosen so that |x — y| > n/3, we obtain (7.1). This completes the proof of (7.1) for all 
x E Tf. To complete the proof of (7.2), we take n = [r/6j. Since r'^^'^ < y^^/^ = t^-^'^/s ^hen d > 6, 
(7.2) follows. □ 

Acknowledgements. We thank Asaf Nachmias for his comments on parts of the manuscript. The work 
of RvdH and AS was supported in part by the Netherlands Organisation for Scientific Research (NWO). 
The work of AS was further supported by a grant of the 'Excellence Fund' of Eindhoven University of 
Technology, as weh as by the grant ERC-2009-AdG 245728- RWPERCRI. 

References 

[1] L. Addario-Berry, N. Broutin, and C. Goldschmidt. (2010) Critical random graphs: limiting con- 
structions and distributional properties. Electron. J. Probab., 15(25) 741-775. 

[2] D. Aldous (1997) Brownian excursions, critical random graphs and the multiplicative coalescent. 
Ann. Probab., 25 812-854. 

[3] D.J. Barsky and M. Aizenman (1991) Percolation critical exponents under the triangle condition. 
Ann. Probab., 19 1520-1536. 

[4] B. Bollobas (2001) Random graphs, volume 73 of Cambridge Studies in Advanced Mathematics. 
Cambridge University Press, Cambridge, second edition. 

[5] C. Borgs, J.T. Chayes, R. van der Hofstad, G. Slade and J. Spencer (2005) Random subgraphs of 
finite graphs: I. The scaling window under the triangle condition. Random Structures and Algorithms 
27 137-184. 

[6] C. Borgs, J.T. Chayes, R. van der Hofstad, G. Slade and J. Spencer (2005) Random subgraphs of 
finite graphs: II. The lace expansion and the triangle condition. Annals of Probability 33 1886-1944. 

[7] C. Borgs, J. Chayes, R. van der Hofstad, G. Slade, and J. Spencer (2006) Random subgraphs of finite 
graphs. III. The phase transition for the n-cube. Combinatorica, 26(4) 395-410. 

[8] J.T. Chayes and L. Chayes (1987) On the upper critical dimension of Bernoulli percolation. Commun. 
Math. Phys. 113(1) 27-48. 

[9] P. Erdos and A. Renyi (1960) On the evolution of random graphs. Magyar Tud. Akad. Mat. Kutato 
Int. Kdzl, 5 17-61. 

[10] G. Grimmett (1999) Percolation. Springer- Verlag, Berlin, second edition. 



30 



[11] T. Hara (2008) Decay of correlations in nearest-neighbor self-avoiding walk, percolation, lattice trees 
and animals. Ann. Probab. 36(2) 530-593. 

[12] T. Hara, R. van der Hofstad and G. Slade (2003) Critical two-point functions and the lace expansion 
for spread-out high-dimensional percolation and related models. Ann. Prob. 31 349-408. 

[13] T. Hara and G. Slade (1990) Mean-field critical behaviour for percolation in high dimensions. Com- 
mun. Math. Phys. 128 333-391. 

[14] M. Heydenreich and R. van der Hofstad (2007) Random graph asymptotics on high-dimensional tori. 
Comm. Math. Phys. 270(2) 335-358. 

[15] M. Heydenreich and R. van der Hofstad (2011) Random graph asymptotics on high-dimensional tori 
II: Volume, diameter and mixing time. Probab. Theory Related Fields 149(3-4) 397-415. 

[16] S. Janson, D.E. Knuth, T. Luczak, and B. Pittel (1993) The birth of the giant component. Random 
Structures Algorithms, 4(3) 231-358. 

[17] S. Janson, T. Luczak, and A. Rucinski (2000) Random graphs. Wiley-Interscience Series in Discrete 
Mathematics and Optimization. Wiley-Interscience, New York. 

[18] H. Kesten (1980) The critical probability of bond percolation on the square lattice equals 1/2. 
Commun. Math. Phys. 74(1) 41-59. 

[19] G. Kozma and A. Nachmias (2011) Arm exponents in high-dimensional percolation. Journal of the 
American Mathematical Society 24(2) 375-409. 

[20] G. Kozma and A. Nachmias (2009) The Alexander-Orbach conjecture holds in high dimensions. 
Invent. Math 178(3) 635-654. 

[21] T. Luczak, B. Pittel, and J. Wierman (1994) The structure of a random graph at the point of the 
phase transition. Trans. Amer. Math. Soc. 341(2) 721-748. 

[22] A. Nachmias and Y. Peres (2008) Critical random graphs: diameter and mixing time. Ann. Probab. 
36 1267-1286. 

[23] A. Nachmias and Y. Peres (2010) Critical percolation on random regular graphs. Random Structures 
Algorithms 36 111-148. 



31 



